
GENERATION RULES FOR ANY COMPLETE FACTORIAL DESIGN 

OF THE ANALYSIS OF V ARIANCE 

Notation 

The application of generation rules necessitates the consistent use of some 

notation system in which the structural definition of the design to be elaborated 

is expressed. Generally, the choice of a notation system is arbitrary. and any 

preferences are mainly based an criteria of economy. The system to be presented 

has been adapted from that of R. G. D. Steel & J. H. Torrie CPrinciples and 

procedures of statistics. New York: McGraw-Hill. 1960) and that of J. L. Myers 

CFundamentals of experimental design. Boston: Allyn and Bacon, 1966). The nota

tion has been modified to avoid unnecessary complications in the rules. The 

suggested system, then, although descriptively equivalent to alternative systems. 

is preferred over others primarily because it best accomodates the generation 

rules. 

Factars 

Factars are denoted by uppercase letters. i.e., A. B, C ..... Z. Ta accomodate 

the fact that sampling in psychology and communications research typically 

applies to experimental subjects rather than events in a more general sense , the 

use of the letter S to designate subjects is recommended. 

The designation · of the sampled entities, S (or possibly E), precedes all factor 

designations in the structural definition. 

If entities in S are completely randomized through some factor, say A. the 

associated measures are referred to as independent. An independent-measure 

factor is denoted by parentheses, e .g .. S ( A). 

If measures are repeatedly taken an the same entities in S through some factor. 

say A. the measures are referred to as repeated. A repeated-measure factor is 

denoted indirectly by not being parenthesized. 

For the generation of expected mean squares associated with the various sources 

of variation in a particular design. it is necessary to indicate random and fixed 

factors in the structural definition. A random factor is denoted by a prima 

following the factor-designating letter, e.g .. S' . A fixed factor is denoted indirect-

1 y by the absence of a prime. 
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Levels 

Levels are denoted by lower-case letter subscripts corresponding to the factor 

letter. e.g .. Aa, ... , S
5

, ... , Zz. In order to designate the nesting of subjects 

(or events) under any particular factor or factors, all subscripts associated with 

parenthesized factors, that is, with independent-measure factors, are put down 

with Ss, forming a multiple subscript, e.g., Ssabc· 

The present outline of rules applies only to designs in which the nurober of 

subjects Cor events) in the s levels of S is identical. Adjustments for unequal-n 

designs can easily be made, however. 

The structural definition 

In general. in psychology and communications research, subjects Cor events) 

will be dealt with as a random factor. Thus. typically, but not necessarily, the 

structural definition will begin with S'
5 

rather than with Ss. For pure repeated

measure designs, factor and level designators are simply added an, e.g., 

S'
5
AaBbCc ... Zz. The only difference in pure independent-measure designs is 

that all subscripts within parentheses are added onto S'
5

, e.g., S' 5 ~bcCAaBbCc). 
In designs which contain both repeated- and independent-measure factors, 

so-called wmixed w designs, the analogaus operations are executed, e.g., 

S'sabCAaBb)CcDd, where A and B are independent-, and C and D are repeated

measure factors. Ta provide an easier overview. it is suggested but not required 

that, as in the latter example, alle independent-measure factors be blocked to

gether after s·s ... and followed by any repeated-measure factors . [If, however, 

different arrangements are preferable for some reason, they can be used. e .g., 

S'sabCAa)CcCBb)Dd .J 

The General Plan for Generating a Particular Design 

After the structural definifion of a particular design has been specified, the 

generation of the entire design proceeds in stages. 
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1. The sources of variation are determined from the structural definition. 

A table is constructed, containing all the elements into which the total 

variation is partitioned. 

2. For each source of variation, an expression defini'ng its degrees of 

freedom is generated from the notation of the particular source under 

consider a tion. 

(' 



3. For each source of variation, algebraic and/or computational formulas 

for the sums of squares are generated from the expression defining the 

degrees of freedom. 

4 . For each source of variation, the expected mean square is generated 

from the table of the partitioned variation. 

5. The proper error terms for all F ratios are determined. 

Determining the Sources of Variation 

Rufe Ja. 

Produca all possible combinations of the -factor letters in the design. Start by 

sampling one out of the k letters, and end by sampling k out of the k letters. 

For simplicity, put all combinations in alphabetical order. 

k 
The resulting nurober of sources thus is 2: kc . . 

i = 1 1 

Consequently, all cases yield the same set of combinations: A, 8, S, AB. AS. BS, 

ABS. 

Rule Jb . 

Maintain all subscripts as specified in the structural definition. Also, maintain 

any primes. 

Illustration: For the design S '
5
aCAa)B'b· the chain Aa, B'b· S ' sa' AaB'b· 

AaS' s a, 8 'b S '
5 
a, A a 8 ' b S '

5 
a results. 

Rule Je. 

Eliminate those combinations which have any subscript letters not contained in 

the factor letters of the combination. 

Illustration: In the design described above, the combinations S '
5 

a and 8 'b S '
5 

a 

are eliminated because they contain subscript a· but not factor letter A. 
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Rule Jd. 

Transpose combinations which contain multiple subscripts by letting S 's ... pre

cede other factor denotations. Parenthesize the factor designations defined in the 

subscripts following s of S ·. 

Illustration: In the design described above, the combination AaS' s a changes to 

S ' s a ( A a), and A aB 'b S 's a changes to S 's a ( A a) B 'b. 

Simplification: The execution of rules la through ld yields all the sources of 

variation associated with a particular design. Since the factor letters define these 

sources, and the subscripts are not used in the application of subsequent rules, 

the notation may be reduced to factor letters, primes. and parentheses . 

For the conventional. complete description of the sources of variation, the factor

letter combinations, written as subscripts, are preceded by cr2. which, in turn; is 

preceded by all remaining factor letters of the design. Again conventionally, 

these remaining letters, taken from the structural definition, are written in lower 

case, e.g .. for the design S'sab(AaBb)Cc' the source AC is wr-itten bscr 2Ac· 

Generating Degrees of Freedom 

The generation of degrees of freedom from the factor-letter combination denoting 

a particular source proceeds in stages similar to those used in the determination 

of the sources of variation of a design: first, the combinations are exhausted. 

and second, omission rules are applied. It should be noted, however. that the 

omission rules can be applied as the . combinations are determined. The elimina-
1' 

tion of terms during the process of generation may be considered more econo-

mical than the exhaustive generation of terms which are subsequently tes·ted for 

inclusion-exclusion. Thus, generation and omission rules may be applied quasi

simultaneously Cthat is, immediately after a particular combination is determined. 

inclusion or exclusion is decided upon). However. for clarity, the rules are pre

sented for the exhaustive generation of terms followed by the execution of 

omission decisions. 

Rule 2a. 

Assign positive ~alue to the combination of all factor letters defining the source 

of variation. This combination constitutes the first term in the sli string to be 

generated. 
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Des-ign 

Sources 

of 

variation 

• Rule 1a. 

Table 1 

Th& Determination of Sources of Variation 

Illustrated with Various Designs 

Cini tial Stages) 

Cerobinations • Elimination of im proper sources # 

S 'sAaBbCc S 'saCAa)BbCc S 'sabCAaBb)Cc S'sabcCAaBbCc) 

Aa Aa Aa Aa 

Bb Bb Bb Bb 

Ce Ce Ce Ce 

S' s ~ ~ ~ 
AaBb AaBb AaBb AaBb 

AaCc AaCc AaCc AaCc 

AaS 's AaS 'sa rt ~ ~-
Bbcc BbCc BbCc BbCc 

BbS 's ~ ~ ~ 
CcS's ~ ~ ~ 
AaBbCc AaBbCc AaBbCc AaBbCc 

AaBbS 's AaBbS 'sa rt AaBbS'sabrt ~ 
AaCcS's AaCcS'sa rt ~ ~ 
BbCcS 's ~ ~ ~ 
AaBbCcS'so AaBbCcS'sa Ort AaBbCcS'sabort AaBbCcSsabcort 

# Rule 1c . o Rule lb. rt Rule 1 d to be applied. 
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Design 

Sources 

of 

variation 

• Rule ld. 
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Table 2 

The Determination of Sources of Variation 

Illustrated with Various Designs 

CFinal Stage) 

S'sAaBbCc S'saCAa)BbCc S'sabCAaBb)Cc 

bcscr
2
A bcscr

2 
A 

r 2 
bcscr A 

acscr
2
B acscr

2
B acscr

2
B 

abscr
2
c abscr

2
c abscr

2
c 

abccr
2s· ,_ 

2 
cscr AB 

2 
cscr AB 

2 
cscr AB 

bscr2AC bscr2AC bscr2AC 

bccr2AS' bccr2S'CA)* 

2 2 2 
ascr BC ascr BC ascr BC 

2 
accr BS' 

abcr2cs· 

2 
SO" ABC 

2 
SO" ABC 

2 
SO" ABC 

2 
ccr ABS' ccr

2
S'CA)B * ccr2S'CAB)* 

bcr2ACS' bcr
2
S'CA)C* 

2 
acr BCS' 

2 
cr ABCS' cr

2
S'CAmc* cr

2
S'CAB)C* 

S'sabcCAaBbCc) 

bcscr
2
A 

acscr
2
B 

abscr
2
c 

2 
. cscr AB 

bscr2AC 

2 
ascr BC 

2 
SO" ABC 

I 

cr
2
S'CABC)* 



Illustration: The first term for the source SC A) B is s ab. or. since it denotes a 

product, any permutation thereof. eogo, ab s 0 

Rufe 2bo 

Reduce the complexity of the last letter combination generated by unity, and 

change the prefix to the opposite mode Cfrom + to -. or vice versa)o 

Illustration: If +s ab defines the last term generated, the complexity is reduced 

to combinations of two letters. all having negative valueo 

Rufe 2co 

At the determined complexity, generate all combinations of the letters specified 

in the source-defining combinationo 

Illustration: For the source SC A) B. the two-letter combinations are -ab. - a s . 

- bs 0 

Rufe 2do 

If the source-defining letter combination contains parenthesized letters, eliminate 

all generated combinations which da not contain all the parenthesized letterso 

Illustration: Given the source SC AB) C. the resulting triplets are -ab c. -ab s. 

- a c s. - b c s 0 From this set - a c s and - b c s are droppedo 

Rufe 2eo 

Continue to apply rules C 2 b) through C 2d) 

(a) if the source-defining combination does not contain parentheses. until the 

complexity zero is reached, at which time unity Cdependent upon the prefix 

changes. either + or -) is put down. terminating the df string generated; or 

(b) if the source-defining combination contains parentheses, until the complexity 

of the parenthesized subset is reached, at which time all parenthesized letters 

Ceither + or -) are put down. terminating the df string generatedo 

Illustration (a): For the source ABC, the string abc-ab-ac-bc+a+b+c-1 resultso 
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Table 3 

The Generation of Degrees of Freedom 

Illustrated w ith Various Sources of Var iation 

Source String defin ing df s 
of variation 

2 . .. cr A 
Ca *-1#$) 

a-1 

2 
· · · cr AB 

Cab • -a#-b@+1 #$) 

ab-a-b+1 

2 
· · · cr ABC 

Cabc * -ab#-ac@-bc@ +a# +b@ +c@-1 #$) 

abc-ab-ac-bc+a+b+c-1 

2 Cas * -a #_i !t&) 
· · · cr S 'CA) 

as-a 

2 Cabs • -ab#-as@-~a#&) 
.. . cr S 'saCAa)Bb 

abs-ab-as+a 

2 Cabcs *-abc#-abs@-~-~+ab#&) 
.. . cr S'sabCAaBb)Cc 

abcs- abc- abS+ab 

Cabcds *-abcd#-abcs@-abds-acds-~+abc# 

+abd@+abs+acd+acs+ads~~~+~ 

2 
. . . cr S 'saCAa)BbCcDd -ab#-ac@-ad-as-~-~~~~-~+a#&) 

abcds-abcd-abcs-abds-acds+abc+abd+abs+acd 

+acs+ads-ab-ac-ad-aS+a 

------- -----

• Rule 2a. # Rule 2b. @ Rule 2c . !t Rule 2d. $ Rule 2e(§!). 

& Rule 2eC.Q). 

38 

I 

I 
I 

j 



Illustration (b): For the source SC AB) C, the resulting string is ab c s- abc-ab s 

+ab . 

Generating Algebraic and Computational Formulas 

for Sums of Squares 

The formulas for each source of variation are determined in a one-to-one corre

spondence of terms from the string defining the degrees of freedom associated 

with this source. 

CAJ Sums of squares, afgebraic. 

Rufe Ja (AJ. 

Put all elements of a particular df string as subscripts. Between prefixes and 

subscripts. iDsert means composed of the same letters as the subscripts . Set M. 
the grand mean, for unity subscripts. 

Illustration: For source AB asssociated with the df string ab-a-b+l, 

ABab-Aa-Bb+M. 

Rufe Jb CAJ. 

Parenthesize and square the expression. 

Illustration: 

Rufe Je (AJ. 

For every factor letter in the design, let a summation operator precede the 

parenthesized expression. Eliminate those operators associated with letters not 

defined in the subscripts within the parenthesized expression, and let their 

letters as constants, precede the remaining summation operators. 

Illustration: Given the structural definition S'sabCAaBb)Cc , and, for the source 

AB the expression CA Ba b- A a-B b +M) 2 the expression first becomes 
a bc s _ _ _ _ 

2 
ab _ _ _ _ 

2 
1:1:1: 1: CA Ba b- A a-B b +M) , and then c s 1: 1: CA Ba b - A a-B b +M) 
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Note: Lower-case letters as subscripts denote variables. In c.ontrast, the same 

letters above summation signs denote the number of levels of the associated 

factors, or the number of subjects Cor events). 

Source of 
variation 

bscr
2
A 

2 
scr AB 

2 
cr S 'CAB)C 

dcr
2
S'CABC) 

• Rule 3aCß). 
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Table 4 

The Generation of Algebraic SS Expressions 

Illustrated with Various Sources of Variation 

Degrees of freedom and sums of squares 

df = a -1 

ss = 
a@- • - • 2# 

bs:E CAa -M1 ) 

df = ab -a -b +1 

ss = 
ab_ _ __ 

2 
s:E:ECABab-Aa-Bb+M) 

df = ab es -abc -abs +ab 

ss = 
abcs __ -- -- - 2 
:E:E:E:ECABCSabcs-ABCabc-ABSabs+ABab) . 

where ABCSabcs = Xabcs 

df = ab es -abc 

ss = 
abcs __ __ 

2 d:E:E:E:E CABCSabcs-ABCabc) 

# Rule 3bCß). @ Rule 3c Cß). 
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(ß) Sums of squares. computational. 

Rule Ja (ßJ. 

Set all factor letters specified in the structural definition of the design as 

subscripts of X, defining •the data matrix . For every subscript of X. let a summa

tion operator precede X. 

Illustration: In an S 's ab CA aB b) C c design the data matrix is X ab c s, and the 

complexity of a summation operations for X is l: l: l: l: X. 

Rule 3b (ß). 

Maintaining all prefixes, every element of the df string is associated with the 

specified set of basic operations. 

Illustration: The df string ab-a-b+l associated with source AB in an 

SsabCAaBb)Cc design yields l:l:l:l:X-l:l:l:l:X-l:l:l:l:X+l:l:l:l:X. 

Rule Je (ß). 

For any particular set of operations on X. the letters specified in the associated 

element of the d.f string are put down in greatest proximity to X, determining 

the range of the summations . All permutations of these letters are permissible. 

Illustration: The element l: l: l: l: X associated with the df element a c becomes 
a c c a 

l: l: l: l: X or l: l: l: l: X . 

Rule 3d (ßJ. 

The letter-denoted summation signs and X are parenthesized, and the parenthe

sized expression is squared. 

Illustration: In the example above, l: l: ~~X becomes l: l: (~~X J2
. 

Rule Je (ßJ. 

The remaining summation signs are denoted by the remaining letter subscripts 

of X. Again, all permutations are permissible. 
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' I 

bs ac s b ac 
Illustration: In the example above, I: I: CI: I: X) 2 or L L CL LX) 2 results . 

b s a c 2 Or more explicitly expressed, it becomes, e.g., I:I:CI:I:Xabcs) 

Rufe 3! (ß). 

For each elementary expression, the product of the letters heading the summation 

signs within parentheses is put down as the denominator. 

abs abs 2 a bs a bs 2 
Illustration: CI:I:l:X) 2 becomes CI:I:l:X), I:CI:l:X) 2 becomes I:CI:l:X) 

abs bs 
ab s ab s 2 abs 

and L L CL X) 2 becomes L L CL X) , whereas L L LX 2 remains unchanged. 

Source of 
variation 

bscr2A 

2 
scr AB 

cr
2
S'CAB)C 

dcr
2
S'CABC) 

Table 5 

The Generation of Computational SS Expressions 

Illustrated with Various Sources of Variat ion 

Oegrees of freedom and sums of squares 

df = a -1 

bs$ ~ @ • ~ a 2 a bs$ 2 ~ · :EI: C L Xabs ) # ss = 
a& 

- LLL CXabs) 

bs a a bs 
= I:LCI:X)2 

- LLLX 2 

a 

df = ab -a -b +1 

s ab bs a a s b 
ss = LCI:l:X) 2 I:LCI:X)2 I:LCI:X)2 a bs 2 

- - + I:I:I:X 
ab a b 

df = ab es - abc - abs +ab 

abcs s abc cabs csab 
ss = CLLLLX)2 I:Cl:l:LX)2 LCI:l:l:Xl2 l:LCl:l:X)2 

- - + 
abcs abc abs ab 

df = ab es -abc 

d abcs ds abc 
S.S,= LCl:l:l:l:X)2 

-
l:I:Cl:l:l:X)2 

abcs abc 

• Rule 3aCß). # Rule 3bCß). @ Rule 3cCß). ~ Rule 3dCß). $ Rule 3eC~). & Rule 3fCß). 
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Generating Expected Mean Squares 

The rules to be presented have been adapted from S. L. Crump CThe estimation 

of variance components in analysis of variance. Biomefries Bulletin. 1946, 2. 7-11) 

and from E. F. Schultz, Jr. CRules of thumb for determining expectations of mean 

squares in analysis of variance. Biometrics, 1955. 11, 123-135). 

Given the table of completely described sources of variation, the ECMS) for each 

source is determined by testing all sources associated with the design for 

inclusion-exclusion. 

Rufe 4a. 

Put down the cr2 term associated with the source under consideration. 

Illustration: For the source cscr 2 AB put down cscr 2AB" However , to determine 

F ratios, it suffices to use some abbreviation, e.g., cr2AB' or AB only . 

Rufe 4b. 

Ignore all sources which are denoted by fewer subscribed factor letters than are 

contained in the denotation of the source under consideration. 

Illustration: If th~ source is scr2 ABC, all sources associated with one or two sub

scripted factor letters are ignored. 

Rufe 4c. 

Ignore all sources which da not contain all the subscripted factor letters associ

ated with the source under consideration. 

Clearly. rule 4c implies rule 4b, which serves greater economy only. Rule 4b 

may therefore be neglected. 

Illustration: If source dscr2ABC is under consideration, source ascr2BCD' lacking 

A in the subscript. is ignored. 
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Rufe 4d. 

Ignore all sources which contain non-parenthesized subscripted factor letters 

denoting fixed factors not defined in the subscript of the source under conside

ration. 

Illustration: If source bcr2
5 'CA) is under consideration, source cr25 '(A)B is ignored, 

whereas source cr2
S'CA)B' is not ignored. 

Rufe 4e. 

Put down all remaining sources. Insert addition signs between all terms. 

Illustration : For the source bscr2A in the design S 'CA B '). associated with the 

b 2 2 2 2 th lt ' . . sources scr A' ascr B', scr AB', cr S'CAB ')• e resu mg expresswn 1s 

bscr2A + scr2
AB' + cr2S'CAB ') or, abbreviated, A +AB' + S 'CAB'). 

Determining Valid F Ratios 

For each source of variation in a design. the proper error term must be deter

mined. 

Rufe Sa. 

Ignore the first term in the ECMS) of the source under consideration. and find the 

source associated with an E CMS) which is identical to the remaining terms . 

If no match can be found, a valid .E ratio does not exist for the source under 

consideration. 

Illustration: In the design described · above, the E CMS) associated with the source 

bscr2A. when its first term is ignored, reduces to scr2
AB ' + cr2S'CAB ')• This truncated 

ECMS) matches the ECMS) associated with the source scr2AB'• which thus defines 

the proper error term. 

Rufe Sb. 

To test any source of variation, put the obtained mean square associated with a 

source over the obtained mean square associated with the proper error term, 
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Sources 

bcscr 2A 

acscr
2
B 

abscr
2
c 

2 
cscr AB 

bscr2AC 
2 

ascr BC 
2 

scr ABC 
2 

cr S 'C ABC) 

• Rule 4a. 

Sources 

' 2 
bcscr A 

2 
acscr B' 

abscr
2
c 

cscr2 AB , 

bscr2AC 
2 

ascr B'C 
2 

scr AB 'C 
2 

cr S 'CAB 'C) 

* Rule 4a. 

Table 6 

The Generation of Expected Mean Squares 

Illustrated with an S'sabcCAaBbCc) Design 

E,CMS) under H1 E 
Cabbreviated notation) Cdf numl.dld_en) 

A * +SCABC)# MS A/MSs 'CABC) 
@ 

B+S 'CABC) MSB/MSs 'CABC) 

C+S 'CABC) MSc/MSs 'CABC) 

AB+S'CABC) MS AB/MSs 'CABC) 

AC+S 'CABC) MS Ac/MSs 'CABC) 

BC+S 'CABC) MSBc/MSs'CABC) 

ABC+S 'CABC) MS ABc/MSs 'CABC) 

S'CABC) 

# Rules 4b through 4e. @ Rules 5a and 5b. 

Table 7 

The Generation of Expected Mean Squares 

Illustrated with an S'sabcCAB'C) Design 

ECM.S_) under H1 E 

A *+AB '+S 'CAB 'C)# MSA/MSAB ' 
@ 

B '+S 'CAB 'C) MSB/MSs 'CAB 'C) 

C+B 'C+S 'CAB 'C) MS.c/MSB·c 

AB '+S 'CAB 'C) M.S.AB ·/M.S.s 'CAB 'C) 

AC+ AB 'C+S 'CAB 'C) M.S.Ac/MS AB 'C 

8 'C+S 'CAB 'C) MSB ·c/MSs 'CAB 'C) 

AB 'C+S 'CAB 'C) MS AB ·c/MSs 'CAB 'C) 

S 'CAB 'C) 

# Rules 4b through 4e. @ Rules 5a and 5b. 
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Sources 

bcscr
2
A· 

2 
acscr B 

abscr
2
c· 

2 
CSO" A'B 

bscr2A 'C' 
2 

ascr BC ' 
2 

SO" A'BC' 

cr 2S'CA'BC' ~ 

Table 8 

The Generation of Expected Mean Squares 

Illustrated w ith an S'sabcCA 'BC ') Design 

EC~) under H1 E 

A ·• +A 'C'+S 'CA 'BC')# MSA·/MSA ·c · 
@ 

B+A'B+BC'+A'BC '+S 'CA 'BC') ~ 

C'+A 'C'+S'CA'BC ') MSc·/MSA 'C ' 
A 'B+A 'BC '+S'CA'BC ') MSA ·s/MSA 'BC ' 
A'C '+S 'CA 'BC ') MS A ·c·/MSs ·cA'BC ') 
BC '+A'BC'+S'CA 'BC') MSsc·/MSA 'BC ' 
A'BC '+S'CA'BC') MSA ·sc·/MSs'CA 'BC') 
S 'CA 'BC') 

• Rule 4a. # Rules 4b through 4e. @ Rules Sa and Sb. 

~ A valid .E ratio does not exist. An approximate .E ratio may be derived 

using linear combinations of expected mean squares. 

Sources 

bcscr
2
A' 

2 
acscr B' 

abscr
2
c · 

2 
CSO" A'B' 
bscr2 A 'C ' 

2 
ascr B'C' 

2 
SO" A'B'C' 

2 
cr S 'CA 'B'C ') 

Table 9 

The Generation of Expected Mean Squares 

Illustrated with an S'sabcCA'B 'C') Design 

E C~) under H1 E 

A ·• +A 'B '+A 'C '+A 'B 'C'+S 'CA 'B 'C')# ~ 

B '+A 'B '+B 'C'+A 'B 'C'+S 'CA'B 'C ') ~ 

C '+A 'C'+B 'C'+A 'B 'C'+S 'CA 'B 'C ') ~ 

A 'B '+A 'B 'C'+S 'CA 'B 'C ') MSA ·s ·/MSA 'B'C' 
@ 

A 'C'+A'B'C'+S 'CA 'B'C') ~A ·c ·/MSA ' B ' C' 
B 'C'+A 'B 'C '+S 'CA 'B 'C ') MSs·c ·/MS A 'B'C ' 
A'B 'C'+S 'CA 'B'C ') MSA ·s ·c ·lhl.Ss ·CA 'B'C ') 
S'CA'B'C ') 

--

• Rule 4a. # Rules 4b through 4e. c Rules Sa and Sb. 

~ A valid .E ratio does not exist. An approximate E ratio may be derived 

using linear combinations of expected mean squares. 

46 

I 

I 

I 

I 



that is, 

where E has .QJ.Ccx) and dfCcxE) degrees of freedom. 

Illustration: The E ratio ft:>r the source described above is 

M.S.Cbscr
2
A)/M_.S.Cscr 2AB ') or, abbreviated, EA = MSA/MSAB' 

Appendix 

The sums of squares, algebraic and computational. and the degrees of freedom , 

associated with all sources of variation of various elementary designs are 

presented in complete form in the tables of the appendix. 

J 
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~ Appendix - 1: 

Source 

2 
scr A 

2 
acr s· 

cr2AS ' 

<Y
2
total 

Source 

2 
5cr A 

2 
cr S'CA) 

<Y
2
total 

Analysis of Variance Cone-factor arrangement) 

S' 5Aa repeated-measure de5ign 

Lx2 : Algebraic CSS) df 

a- -2 
5LCAa-M) a-1 

s - -2 
aLCS 5-M) s-1 
as ____ 

2 LLCASa5-Aa-S5+M) as-a-5+1 

as __ 
2 I:I:CASa5-M) as-1 

S'a5CAa) independent-mea5ure de5ign 

I:x2
: Algebraic CSS) 

5~CÄa-M)2 

as _ _ 
2 Ll:CASa5-Aa) 

a5 __ 
2 I:I:CASa5-M) 

df 

a-1 

a5-a 

a5-1 

Note: AS as = X as 

Lx2: Computational CSS) 

~&x)2 c~~X)2 -s-- - _a_s __ 

~&x)2 c~~X)2 -a--- _a_s_ 

as 2 ~d:x)2 tc~X)2 &tx)2 
LLX - --s-- - --a-- + _a_s __ 

as a5 
I:I:X2 - CI:I:X)

2 
~a-5-

I:x2
: Computational CSS) 

~&x)2 &rx)2 
-5-- __ a_5_ 

a5 2 ~&x)2 
I:I:X --5--

as a 5 
I:I:X 2 - CI:I:X)

2 
~-a-5~ 
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Appendix - 2: 

Source 

2 
bscr A 

2 
ascr B 

abcr
2s· 

scr
2
AB 

bcr
2
AS' 

acr
2ss · 

cr
2
ABS ' 

cr
2
total 

S'sAaBb 

L:x2 : Algebraic CSS) 

bs~CAa-M)2 

b_ -2 
asLCBb-M) 

abhs
5
-M)2 

ab_ _ __ 
2 

s:LL:CABab- Aa-Bb+M) 
as _ _ __ 

2 
b:L LCASa5-Aa-S5+M) 

bs ____ 
2 a:LLCBSb5-Bb-S5+M) 

Analysis of Variance 

pure repeated-measure design 

df 

a-1 

b-1 

s-1 

ab-a-b+1 

as-a-s+1 

bs-b-s+1 

abs __ _ __ 
L:L:L:CABSabs-ABab-ASa5-BSbs 

- - - -2 
+Aa+Bb+S 5-M) 

abs _ 
2 

L:L:LCXabs-M) 

abs-ab-as-bs 

+a+b+s-1 

abs-1 

Note: ABSabs = Xabs 

L:x2 : Computational CSS) 

a bs ab s 
LCL:L:X)2 _ CL:fJX)2 

bs s 
b as abs 
LCL:L:X)2 CL:L:L:XJ 2 
_a_s_- abs 
s ab abs 
LCL:D02 _ CL:L:L:XJ 2 
---ao- aos 
ab s a bs b as 
L:LCL:X)2 _ LCf>L:Xl 2 _ LCL:L:X)2 + 

s s as 
as b a bs s ab 
L:LCf5X)

2 
_ LCf>fXl

2 
_ LC~f5X)2 + 

bs a b a s s ab 
L:LCL:X)2 L:CL:L:XJ 2 LCL:L:X)2 + --a--- as - ~ 
abs ab s as b 

abs 
CL:L:L:Xl 2 

ans 
abs 

CL:L:L:Xl 2 

abs 
abs 

CL:L:L:XJ2 

aos 
bsa 
L:LCL:X)2 L:L:L:X2- L:LCL:X)2 - L:LCL:XJ2 

s b - --a-
a bs b as 

+ LCf5L:X)
2 

+ }XL:L:XJ
2 

s as 

abs abs 
L:L:L:X 2 - CL:L:L:X)

2 

abs 

s ab 
+ LCitX)2 -

abs 
CL:L:L:Xl 2 

aos 
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o Appendix - 3 : 

Source 

bscr2A 

2 
ascr B 

2 
scr AB 

bcr
2
s ·cA) 

cr
2
S'CA)B 

cr
2
total 

Note: ABSabs 

S'asCAa)Bb 

rx2 : Algebraic CSS) 

bs~CÄa-M)2 

b_ -2 
asLCBb-M) 
ab_ _ __ 

2 srrCABab- Aa-Bb+M) 
as _ _ 

2 brrcASa5-Aa) 

Analysis of Variance 

mixed design 

df 

a-1 

b-1 

ab-a-b+1 

as-a 

abs __ _ - -
2 

rrLCABSab5-ABab-ASa5+ Aa) abs-ab-aS+a 

abs _ 
2 

rrrcxabs -M) abs-1 

Xabs 

rx2
: Computational CSS) 

a bs 
LCrrX)2 

bs 

abs 
_ crgJsX)2 

b as abs 
nrrX)2 _ crrrxl 2 

as abs 
ab s -?- a bs b as abs 
rrcrx _ LCf>rXl2 

_ nrrx) crrrxl 
s s as + ---ans 

as b a bs 
rLCßX)

2 
_ rcf>~Xl 2 

abs ab s a s b a bs 
rrrX2

- rnrX)2 
_ rrcrXl 2 + HßLX)2 

s b s 

b abs 
a 5 2 crrrX)2 
LLLX - ----aES 



Appendix - 4 : S'absCAaBb) 

Source L:x2 : Algebraic CSS) 

--

bscr
2
A bs~CAa-M)2 

2 
ascr B 

b_ -2 
asLCBb-M) 

S0"2AB 
ab_ _ __ 

2 
sL:LCABab- Aa-Bb+M) 

2 
cr S'CAB) 

abs _ _ 2 
L:L:L:CABSabs-ABab) 

0"
2
total 

abs _ 2 
L:L:LCXabs -M) 

Note: ABSabs = Xabs 

~ 

Analysis of Variance 

pure independent-measure design 

df 

a-1 

b-1 

ab-a-b+1 

abs-ab 

abs-1 

L:x2 : Camputahanal CSS) 

a bs abs 
LCL:L:X)2 - CL:YsX)2 

bs 
b as abs • 
LCL:L:X)2 _ CL:L:L:Xl 2 

as abs 
ab s 2 a bs b as abs 
L:LCL:X) - LCEL:Xl2 - LCL:L:X)2 CL:L:L:X) 2 

s s as + ---a15S 
b abs 

a s 2 L:LCL:X)2 
L:L:L:X - --s-

abs abs 
L:L:L:X2 - CL:L:L:X)2 

abs 
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